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ON DISCRETE SUBORDINATION OF POWER BOUNDED 
AND RITT OPERATORS 


ALEXANDER GOMILKO AND YURI TOMILOV 

Abstract. By means of a new technique, we develop further a discrete 
subordination approach to the functional calculus of power bounded 
and Ritt operators initiated by N. Dungey in [23]. This allows us to 
show, in particular, that (infinite) convex combinations of powers of 
Ritt operators are Ritt. Moreover, we provide a unified framework for 
several main results on discrete subordination from [23] and answer a 
question left open in [23]. The paper can be considered as a complement 
to j3T] for the discrete setting. 


1. Introduction 

The aim of this paper is to initiate a study of permanence and “improving” 
properties of discrete subordination for bounded operators parallel in a sense 
to an investigation of subordination for Co-semigroups realized in our recent 
paper m- a discrete subordination in the abstract setting has not received 
a proper attention in the literature, and we are not aware of any relevant 
works apart from [23] and [7]- At the same time, our paper can be regarded 
as a contribution to understanding of permanence and improving properties 
for functional calculi of bounded operators. In fact, there are very few results 
saying that basic features of operator like resolvent estimates or asymptotics 
of powers, are preserved under a functional calculus or, at least, under a 
substantial class of admissible functions. It seems, the only relevant and 
nontrivial result so far was the one by Hirsch [35] saying that complete 
Bernstein functions preserve the class of sectorial (in general, unbounded) 
operators. 

To put our results into a proper context, we first recall several basic 
facts stemming from the subordination theory of Co-semigroups on Banach 
spaces. There are two basic notions behind the subordination theory: the 
notion of Bernstein function and that of subordinator. 

Recall that a family of positive subprobability Borel measures (fit)t >o on 
[0, oo) is said to be said to be a subordinator if for all s, t > 0 one has 
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Ht+s = l-k * Ms, and linu_>o+ = 4o in the rC-topology of the space of 
bounded Borel measures on [0, oo). Given a subordinator o one may 

define a Bernstein function ip on (0, oo) by the formula 

poo 

( 1 . 1 ) e-tTpW = / e - sX vt(ds), 

Jo 

for all t > 0 and A > 0. See [531 Section 5] for more on that. (Alternatively, 
a positive and smooth function ip on (0, oo) is called a Bernstein function if 
(—1 ) n d < 0 for all n G N and t > 0.) 

If now (e~ tA )t >o is a bounded Co-semigroup on a (complex) Banach space 
X with generator —A, and (nt)t >o is a subordinator, then, following intuition 
provided by m, one can define a new bounded Co-semigroup on X as 

poo 

(1.2) T(t):= / e- sA vt(ds), t > 0, 

Jo 

where the (Bochner) integral converges in the strong topology of X. Once 
again, in view of (11.11) . it is natural to consider the generator of (T(t))t >o as a 
(minus) Bernstein function ip of A. This appears to be a right choice and can 
serve as the definition of ip (A) indeed. There are several other alternative 
definitions of ip (A) , but all of them lead to the same operator. The operator 
Bernstein functions have a number of natural properties resembling that of 
scalar functions. One of these properties is expressed by (11.21) and provides 
a natural way to construct a bounded semigroup (e - ^^)t>o by means of 
a given bounded semigroup (e~ tA )t >o and a subordinator (nt)t>o- In this 
situation, (e -t ^^)t>o is called subordinated to (e~ tA )t >o via a subordinator 
(Ht)t> o- The construction of subordination described above goes back to 
Bochner and Phillips and became a crucial tool in probability theory and 
functional analysis (and also in engineering), see e.g. [54] and comments 
to Section 13 there. A classical example of subordination is provided by 
the semigroup of fractional powers (e^ tAa )t>o, a £ (0,1) (corresponding 
to the Bernstein function ip( A) = A“). It was studied thoroughly in the 
1960s by Balakrishnan, Kato and Yosida. A comprehensive discussion of 
subordination for Co-semigroups including many illustrative examples can 
be found in [541 Section 13]. 

Apart from a number of issues of a purely probabilistic origin, there are 
two very natural, operator-theoretical questions in the study of subordina¬ 
tion. Namely, whether subordination preserves the classes of holomorphic 
sectorially bounded holomorphic Co-semigroups and when it possesses im¬ 
proving properties in the sense that general bounded Co-semigroups are 
transformed into holomorphic semigroups. Motivated by a fundamental pa¬ 
per by Carasso and Kato pH] (and also its subsequent developments in [28], 
[29] and [46]) and answering a problem posed in [39] and [8], we have recently 
obtained the following result where positive answers to both questions were 
provided, see ED Theorems 6.8 and 7.9]. 
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Theorem 1.1. (a) Let —A be the generator of a bounded Co-semigroup on 
X such that A is sectorial of angle 6 G [0, vr/2). Then for every Bernstein 
function if the operator if (A) is sectorial of the same angle, 
b) Let if be a complete Bernstein function and let 7 G (0, vr/2) be fixed. The 
following assertions are equivalent. 

(i) One has 

if( C+) C E 7 . 

(ii) For each Banach space X and each generator —A of a bounded Co¬ 
semigroup on X, the operator if (A) is sectorial of angle 7 . 

To create a similar “discrete” framework, let now p be a probability mea¬ 
sure on Z + := N U {0}, in other words, p(k) >0,k> 0, and Yl'kLo = 1- 
If T is a power bounded operator on X, then setting p{T) := h(k)T k , 

and denoting p n := p * ■■■ * p the nth convolution power of p, so that 
p n G £i(Z +), n € N, we have 

OO 

(1.3) p(T) n = Y J T k p n {k)= / T k dp n (k), 

k =0 

where the last equality is purely formal. Thus, there is a clear analogy 
with the continuous case, and it is natural to say that (p(T ) n ) n >0 (or p(T)) 
is subordinated to (T n ) n >0 (or T). However, to simplify our terminology, 
we will be considering just the powers of p(T) defined by means of the 
power series p(z) = Ylk> 0 h(k)z k called sometimes the generating function 
of p. Note that similarly to the case of bounded Co-semigroups, if T is 
power bounded, then the operator p(T) is power bounded as well. This is 
precisely the framework of [23], and one may then study finer properties of 
p(T) in terms of the same properties of T . The attempt to set up a discrete 
subordination similar to the one existing in the setting of Co-semigroups was 
also made in [7|. However, the assumptions of [7] seem to be more restrictive 
than the ones in (231 . 

The paper [23] is devoted mainly to the study of the improving properties 
of measures p, or, equivalently, of their generating functions p in the spirit 
of [14] . To discuss the relevant results from [23] in some more detail, we 
have to introduce several operator-theoretical notions. A bounded linear 
operator T on a Banach space X is said to be Ritt if there exists C > 1 such 
that 

cj(T) C B and ||(A - T)" 1 !! < |A| > 1, 

where D stands for closure of the open unit disc B. The last two condi¬ 
tions can be equivalently rewritten in the following, formally stronger, form: 
There exists to G [0, 7t/2) such that 

cr(T) C B U {1} and [|(A - T) _1 || < AGC\(l-S uf ), 

|A - 11 

for every to' G (w,7r) and an appropriate C w ' > 1, where = {A G C : 

| arg A| < to} and Eq = (0, 00 ). We say that T is of angle to in this case. 
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(In fact, one can put w = arccos(l/C) here, [33].) Moreover, as we prove in 
Proposition 14.21 below, T is Ritt if and only if there exists a > 1 such that 
for every a' > a and some C a > > 1 one has 

ll(A-T ) - 1 ||<^ I |, A G C \ S a ', 

where S a := {z G B : |1 — z\/(l — |z|) < <r} U {1}, is a Stolz domain. In 
this situation T is said to be of Stolz type a. See Section [4] for a thorough 
discussion of these and related notions. There is a substantial literature 
devoted to Ritt operators and their various properties ranging from the role 
in functional calculi to applications in ergodic and probability theories. A 
sample of it could include m, 0 , 0 , cm, cm, m-m, n eh, m, 
m-m, m-m, [55] . and [56] . (Unfortunately, while the topic is vast, 
there is no survey on Ritt operators yet.) We only note one more charac¬ 
terization of Ritt operators saying that T is Ritt if and only if T is power 
bounded , i.e. sup n>0 ||T n || < oo, and sup n>0 n||T” — T n+1 || < oo. In fact, 
Ritt operators can serve as a discrete analogue of generators of (sectorially) 
bounded holomorphic Co-semigroups, while power bounded operators cor¬ 
respond to generators of bounded Co-semigroups. See e.g. 123], pro], rn or 
[ 36] and references therein for comments on that issue. 

In analogy with the case of Co-semigroups considered in PH , one can 
say that a measure p is improving if for any power bounded operator T 
on X the operator ju(T) is Ritt. By means of a general sufficient condition 
involving the boundary behavior of the generating function /2 in D, Dungey 
proved in |23| the improving property for several interesting and important 
probabilities p. 

In this paper, we will put Dungey’s results from [23] in a broader context 
and improve several of them. More generally, in view of the discussion above, 
it is natural to to try to obtain a discrete counterpart of Theorem 11.11 once 
the notion of a discrete subordination is adapted. One of the aims of this 
paper is to prove the results on permanence and improving properties for 
discrete subordination similar in a sense to Theorem ll.il 

The following statement is one of the main results of this paper. Recall 
that a closed operator A on A is sectorial with angle of sectoriality a G [0, ir) 
if a(A) C £ a and for every u G (a, i r) there exists C u > 0 such that 

IIA(A — A) -1 || < C u , A0S w . 

Theorem 1.2. Let 

OO OO 

(1.4) g(\) := ^CnA n , c n > 0, ^c n = 1. 

n =0 n =0 

Then for any Ritt operator T of Stolz type a on a Banach space X, the 
operator g{T) is Ritt and of the same Stolz type. Moreover, g(T) is of angle 
u, where u is a sectoriality angle of the Cayley transform C(T) ofT. 

This is a discrete counterpart of Theorem 11.11 a). However, the result 
seems to be stronger than Theorem 11.11 a) (up to a change of frameworks 
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from the continuous to the discrete one) since no further assumptions are 
imposed on the sequence (c n ) n >o- 

Using the terminology from [27], one may call a power series satisfying 
(|1.4|) convex and formulate a (part of) statement above by saying that a 
convex power series of a Ritt operator is Ritt. This terminology will be used 
throughout the paper occasionally. 

Thus Theorem 11.21 can be considered as a full discrete analogue of The¬ 
orem o a). However additional specific features are present here. While 
angles of Ritt operators are not, in general, preserved under discrete subordi¬ 
nation, we have a good control over them via the Cayley transform. On the 
other hand, discrete subordination preserves Stolz type of Ritt operators, 
and probably it is Stolz type that is an adequate substitute of sectoriality 
angle for sectorial operators in the discrete setting. 

Moreover, in this paper, we show that several results of Dungey on im¬ 
proving properties can in fact be derived, more or less directly, from Theorem 
11.11 b). This is done by transferring Theorem ll.il b) to the discrete setting. 
Moreover, our approach allows us to answer a question left open by Dungey 
and to provide new interesting examples of improving p. 

Turning to improving properties, we establish an analogue of Theorem 
11.11 b) by replacing complete Bernstein functions with Hausdorff functions. 
This allows us not only to prove alternative proofs for several results from 
[23] (e.g. Theorems 1.1,1.2,1.3 and Corollary 1.4 there) but also to answer 
a problem posed in [23l p. 1735] concerning the improving property of the 
function f e { A) = 1 — ^/ 0 C (1 — A ) a da,e G (0,1). Moreover, our approach 
allows us to equip the results from [23] with additional geometric properties 
which are not available via the techniques from [23 ]. 

To formulate our second main result, we need a notion of a regular Haus¬ 
dorff function. We say that h( A) = Co + c n A n , A G D, is a regular 

Hausdorff function if co > 0 and there exists a bounded positive Borel mea¬ 
sure v on [0,1) such that 

c n = f t n ~ 1 u{dt), n > 1 , and cq + f —■-—— = 1 . 

7 [ 0 , 1 ) J[o,i) L 

Note that if h is as above, then all its Taylor coefficients c n ,n > 0, are 
positive and Yl^=o c n = 1- Thus, h is a generating function of a probability 
on Z+ given by (c n ) n > 0 . 

Theorem 1.3. Let h be a non-constant regular Hausdorff function, and let 
7 G (0, 7 t/ 2 ) be fixed. The following statements are equivalent. 

(i) One has 

1 - h( A) CS 7 , A G D. 

(ii) For every Banach space X and every power bounded operator T on 
X the operator h(T ) is Ritt of angle 7 . 

Let us comment briefly on our techniques and methodology. It is a no¬ 
table feature of the paper that dealing with bounded operators we apply 
methods worked out, first of all, to treat unbounded operators. We remark 
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that the techniques of the present paper is quite different from the tech¬ 
niques from [31] . While (31] put an emphasis on intricate functional calculi 
arguments, the approach presented here is more direct. It relies on deriving 
a suitable resolvent representation for a (rotated) Nevanlinna-Pick function 
of the Cayley transform of T and function-theoretical estimates for certain 
Nevanlinna-Pick functions. This allows us to obtain results which seem to be 
more informative than the corresponding statements in [31] (when changing 
the notions appropriately). As an alternative to functional calculus tech¬ 
nique from m, a similar direct approach to the study of subordination of 
Co-semigroups was recently developed in [6j. Note finally that the main re¬ 
sults of this paper have recently found interesting applications to the study 
of convolution operators on l 1 (Z), see m for more details. 

2. Notation 

For a closed linear operator A on a complex Banach space X we denote 
by ran(A), ker(A) and cr(A) the range, the kernel and the spectrum of A, 
respectively. The space of bounded linear operators on X is denoted by 
C(X). 

The closure of a set S will be denoted by S, and fog will stand for a 
composition of functions / and g. For any sets A and B from the complex 
plane C, we denote A + B := {a + b : a £ A,b £ B} and sometimes write a 
instead of {a}. 

Finally, we let 

C+ = {A e C : ReA > 0}, <C+ = {A € C : ImA > 0}, Z + = NU{0}, 

and denote 

S 0 := (0, oo), Sy 3 := {A € C : | arg A| < (3}, f5 £ (0,7r], 
and B := {A £ C : |A| < 1}. 

3. Function theory 

3.1. Nevanlinna-Pick and Cayley functions and their mapping prop¬ 
erties. To develop the functional calculi machinery, we have to introduce 
several function classes and describe their basic properties. 

Recall that a function F holomorphic in the upper half-plane C + is called 
Nevanlinna-Pick if F( C + ) C C+. Since we will be interested in functions 
defined in the right half-plane C+, we will need a class of rotated Nevanlinna- 
Pick functions, namely the class of functions holomorphic in C+ and map¬ 
ping C + into C + . Moreover, the functions from this latter class that are 
positive on (0, oo) will play a special role. Thus, eventually, we will work 
with the class of functions F denoted by NV+ and described as 

NV+ := {F is holomorphic in C+ : F( C + ) C C+ and F((0, oo)) C [0, oo)} 


Note that the symmetry principle implies F( A) = F( A), A £ C+. 
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Recall that since the function /(A) := £ C + , is Nevanlinna- 

Pick, the well-known Herglotz theorem (see e. g. [54] Corollary 6.8]) implies 
that / : (0, oo) —> [0, oo) and 

/°° 1 \+ 

-— p(dt), A £ C + , 

-oo t ~ A 

where a. £ R, a > 0, and p is a positive hnite Borel measure on the real line. 

The following theorem contains several properties of ATTA^-functions cru¬ 
cial for the sequel. 


Theorem 3.1. Let F £ NV+. Then the following statements hold. 

(i) One has 


(3.2) F(A) = aA + - + 2A 


(1 + t 2 ) p(dt) 


^ 7(0,oo) 


A £ C+, 


where a > 0, h > 0, and p is a positive finite Borel measure on 
(0, oo). 

(ii) For every oj £ [0,7r/2) there exists > 0 such that 

(3.3) |T(A)| < Cu (|A| + |A| _1 ) , A£S w . 

(iii) For every oj £ [0,7r/2), 

(3.4) F(E U \{0})CS U . 

(iv) For all /3 £ (—7t/2,7t/2), 

(3.5) ReF(te l P) > cos/3F(t), t > 0. 

Moreover, for every c £ (0,1], 

(3.6) F(t)>cF(ct), t > 0, 
and 

(3.7) \F(te l P)\ > ccos/3 F(ct), t > 0. 


Proof. The proofs of (i), (iii) and (|3.5p can be found e.g. in [15], [30] Coroll- 
lary 2] (or [52] Theorem 2]), and [121 Theorem 3.4], respectively. The paper 
[12] contains a unified approach to the proofs of these and similar properties. 
The property (iii) goes back to m, and it is a direct consequence of (i). 

The property (ii) is an easy consequence of (i) as well, more general esti¬ 
mates can be found in Em 

To prove ([3.61) . it suffices to note that 

wh- c WT^' ‘’ 8>0 ' ce(0 ' 1L 

hence (|3.2I) implies (13.611 . The statement (13.711 follows from \F(te l ^)\ 

R eF(te l P), t > 0, and (13.51) . (13.611 . 


□ IV 
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Let 61,62 G (0, 7r]. We say that / G NV+{6\, 62) if / is holomorphic in 
Eflj and, moreover 

/ : (0, 00)->■ [0, 00) and /(S 01 ) C S 02 . 

Denote J\fV+(6) := A fV+(6,6) so that NV+ = NV+(tc fT). 

Observe that that / G A/’7 ? +(0i, 02) if and only if 

(3.8) F(A) := [/(A 20 ^)] 7 ^ 20 ^ <= AfP+. 

The next corollary provides a lower bound for / G 02) in terms 

of the restriction of / to (0, 00 ). 

Corollary 3 . 2 . Let f G ATV+(&i, 0 2 ) /or some 0i,02 G (0, vr] . Then for 
every 0 G [0, 0i), 

(3-9) f(T, e \{ 0}) C 

and /or all c G (0,1] and f3 G (—0i, 0i), 

(3.10) |/(te i/3 )| > c 202/7r cos 202/7r f(c 2ei/7T t), t > 0. 

Proof. Since, /(A) = [F(A 7r// ( 201 ))] 202 / 7r , A G Y>q 1 , where F is defined by (13. 8|) . 
the statement (13.91) follows directly from (13.41) . Next, if t > 0 and /3 G (0, 0i), 
then by (13.71) for every c G (0,1], 

|/( ie */3)|_|^(^/(26>i) e i7r/3/(26>i))|26> 2 /7 r 

>c 2e ^ cos 202/7r (7T/3/(20i ))[F(cF /( - 29l) )] 2e2/7T 
=c 2f>2 1 * cos 202 / w (vr/3/ (201)) / (c 201 /*t). 

□ 


The subclass of NV+ formed by complete Berntsein functions and denoted 
by CBF will also be important in our considerations. Complete Bernstein 
functions allow a number of equivalent characterizations. The following one, 
which can serve as the definition of a complete Bernstein function, can be 
found in [531 Theorem 6.2]. We say that the function if : (0, 00 ) i->- [0, 00 ) 
is complete Bernstein if if admits an analytic continuation to C \ (— 00 ,0] 
which is given by 

(3.11) if(X)=a + bX+f X h(ds) , 

J (0,oo) A + S 

where a,b > 0 are non-negative constants and fj, is a positive Borel measure 
on (0, 00 ) such that 


(3.12) 


f h(ds) 

J (0,oo) 1 + s 


Given if, the triple (a, b , fi) is determined uniquely, and it is called the Stielt- 
jes representation of if. The standard examples of complete Bernstein func¬ 
tions include A a ,a G [0,1], log(1 + A) and A/(A + a), a > 0. 
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The class CBF has a rich structure which is particularly suitable for func¬ 
tional calculi purposes. We will need just a few of them and refer to | 54l 
Sections 6 and 7] for a comprehensive account. In particular, the following 
elementary properties of CBF will be useful, see e.g. 153 Theorem 6.2 and 
Corollary 7.6] for their discussion. 

Theorem 3 . 3 . (i) Let if be a holomorphic function in C \ (—oo,0]. 

Then if £ CBF if and only if if { C + ) C C + , ^((0, oo)) C [0,oo), 
and there exists V’(0+) = lim^ 0 + f’W'i 
(ii) Let if,<p£. CBF. Then if + ip,if o ip £ CBF. 

The following result allows one to bound the imaginary part of a complete 
Bernstein function by means of its derivative on the positive half-axis. 


Lemma 3 . 4 . Let if £ CBF. Then for all (3 € (—7r, 7r) and t > 0, 

(3.13) Im if(te l P) < 2t tan(/3/2) if'(t). 

Proof. Let if be of the form (13.111) and let A = te 1 ^. Then observing that 

sp(ds) 


if\\) = b + 


(0,oo) + s ) 


2 ’ 


and using the inequality 

| te 1 ^ + s| 2 > cos 2 (/3/2)(f + s) 2 , (3 £ (—7r,7r), 

we obtain that 


te 


H 3 


Imifite 1 ^) =bt sin B + / Im . a 
K 1 7 ( 0 , 00 ) + S 


n(ds) 


=t sin (3 ^6 + 

<t sin f3 ^6 + 

< tsinf3 / 
~cos 2 (/3/2) y 

=2t t&n{f3/2)if'{t). 


f s n(ds) 

(0,oo) I te# + s| 2 

1 


s [r(ds) 
cos 2 (/3/2) 7 (0iOo) (i + s)- 


L 


L 


s n(ds) 
(0,oo) {t + s ) 2 


□ 


Now we introduce a technical condition which will be basic for estimates 
in subsequent sections. It is a local version of (13.131) . 

Definition 3.5. Let a > 0 and 9 £ (0,7r). We let Vg(0,a) be the space of 
holomorphic functions / on Tg such that 

a) / is real on (0, oo) and strictly increasing on (0, a); 

b) for every R > 0 and every (3 £ (—9,9) there exist b = b(/3 , R ) £ 
(0, min(l, a/R)) and m = m(/3) such that 

|Im/(te* /3 )| < mtf'(bt ) 


(3.14) 
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for all t G (0, R). 


Observe that by Lemma 13.41 CBF C T>o{ 0, a) for all a > 0 and 0 G (0, 7r). 
The next lemma, proved in Appendix A, shows that some functions from 
NV + belong to T> n/2 ( 0,1). 


Lemma 3.6. Suppose that 

OO 

y>n = l, c n > 0, n > 0, 

n =0 

and let 

00 /1 _\ \ n 

h(A) := 1 - E c ™ ( YLPa) ’ AeC +- 

77 ,=0 ^ ' 

Then h G T > t T / 2 ( 0,1) (~l ATV+. Moreover, the corresponding constants b = 
b(/3, R ) and m = rn(,8) from Definition \3.5\ are given by 


cos /3 

b = mr 


and m = —. 


Finally, we will also need the next geometric proposition proved in Ell- 


Proposition 3.7. [31 * Proposition 3.6]. Assume that for if G CBT there 
exists uj G (0, n/2) such that 

(3.15) I/HC+) C So,. 


Define coq G (tt/2,tt) by 


cot CO 


I COS COq I = 


cot CO + 1 

and for 6 G (7r/2,o;o) define do G (0, vr/2) as 

cot lo — (cot co + 1) | cos 9\ 


(3.16) 

Then 


cot = 


Sill ( 


(3.17) V’(Se) C T 9o . 

3.2. A+ — and Hausdorff functions. Let A((D) be the algebra of holo- 
morphic functions / on the unit disc D that have absolutely summable Taylor 
coefficients: 

{ OO OO 

f(\) = Y^c n X n , A G D : £ Kl < oo 

77-—0 77,=0 

Clearly, if / G Ai_(B) then / is continuous on D. Setting 

OO OO 

11 /11 Ai_ (D) : = E \ Cn \ if /( A ) = E C « A "> 

77,—0 77,-0 

one infers that (A((_(D), ||/|| A i ) is a unital commutative Banach algebra with 
respect to pointwise multiplication. 
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C-n. •— 


Consider now functions h given by 

(3.18) 

OO 

h{ A) = Co + ^2 c n X n , where Co > 0, 

71=1 

and v is a bounded positive Borel measure on [0,1) such that 

(3.19) - ' t F(£tt) 


'[ 0 , 1 ) 


t n 1 v(dt), n > 1. 


c 0 + 


'[ 0 , 1 ) 


1 -t 


= 1. 


For the purposes of the present paper, the functions h satisfying (13.181) and 
(13.191) will be called regular Hausdorff functions (since the moment sequences 
(cn) are often called Hausdorff sequences). We will write h ~ (co, v) and say 
that the measure v is the (Hausdorff) representing measure for h. 

Observe that if h is defined by (13.181) and ()3.191) then 
(3.20) 

Xv(dt) 


h(X)=c 0 + [ t 1 f ) v(dt) 

Jm \n=l ) 


— Co + 


'[ 0 , 1 ) 


1 -tx’ 


A e 


and moreover h extends analytically to A £ C\[l, oo). By (13.191) and Fatou’s 
lemma, 


(3.21) 


IHIaI (D) = M 1 ) =^2cn = l. 


n =0 


The next proposition relates the regular Hausdorff functions to complete 
Bernstein functions thus connecting the discrete and the continuous settings. 

Proposition 3.8. Let h ~ (co,^) be a regular Hausdorff function, and let 
(3.22) ^(A) := 1 - h(l - A), A G D. 

Then extends to a complete Bernstein function of the form (0, b, p), where 

v{ds) — bdo(ds) 


b = u({0}), p(dt) = 


(t = (l- s)/s), 


s(l - s) 

and do denotes the Dirac measure at 0. 

Conversely, suppose if G CBT is such that if ~ (0,0,/x). Then 

h{ A) := ^(1) - ^(1 - A) 

is a regular Hausdorff function such that h ~ (0, v), where 

tp(dt) 


u(ds) = 


(s = l/(l + t)). 


(1 +t) 2 

Proof. Let v(ds) = bdo(ds) + z/ 0 (ds), where v 0 (ds) is a Borel measure on 
(0,1). Taking into account (13.18p . we have 


m = [ y 

J[ 0 , 1 ) 1 


v{ds) 


(1 — A) v{ds) 


— s 


'[ 0 , 1 ) 


1 — s 


L 


A v(ds) 


T As J\o,\) (1 — s T As)(l — s) 


=b\ + 


A vo (ds) 


(o,i) ((1 — s )/ s + A)s(l - s) 






















12 


ALEXANDER GOMILKO AND YURI TOMILOV 


So, passing to the push-forward measure fi(dt) of under the map 

t : (0,1) —> (0,oo ),t(s) = (1 — s)/s, we obtain that 

(t + l) 2 v 0 (ds) 


0(A) = b\ + 


and 

(3.23) 


f X fi(dt) 

(0,oo) t + ^ 
dfi{t) 


p(dt) = 

v(ds 


'(o,D 


1 — s 


(0,oo) 1 + * 

If 0 € CBF and 0 ~ (0,0, //), then 

J (0,oo) 1 + t J(i 
At ^i(dt) 


< oo. 


(1 — A) (x{dt) 
(0,oo) 1 — A + t 


i 

L 


(0,oo) (1 +1 — A)(l + t) 
A t fi(dt) 


(0,oo) (1 ~ V(1 + ^))(1 + t) 2 

Passing as above to the push-forward measure v{ds) of under the map 

s : (0, oo) —> (0,1), s(t) = 1/(1 + t), we obtain that 


h{ A) = 0(1) - 0(1 - A) = 


'( 0 , 1 ) 


A v{ds) 

1 — sA ’ 


and (13.231) holds. 


□ 


To illustrate the second statement in Proposition l3.8l and in view of further 
applications in Section [71 let us consider the next simple example. 

Example 3.9. a) Let a € (0,1) be fixed. Recall that (see Ell p. 3041) 
V’a(A) := A Q € CBF and 


V’a(A) = 


sin(7ra) 


f 

Jo 


Xds 


IT J 0 (A + s)s 1_ “’ 

Thus, "00,(1) = 1 and 0 Q ~ (0,0, fi a ), where 

sin(7ra) ds 


A £ C \ (—oo,0]. 


Ha(ds) = 


,1-a ‘ 


7T S ± 

Then, by Proposition ^. 81 h a ( A) := 1 — (1 — A)", A E B, is a regular Hausdorff 
function and h a ~ (0, v a ), where 

sin(7ra) A(1 — t) a dt 


v a {dt) = 


7T (1 — A t)t° 


b) For 0(A) := jA_l g CBF, we use the representation (see [53, p. 322]) 
0(A) = 


log A 

r°° X(s + l)ds 
lo (A + s)s(log 2 S + IT 2 ) 


A € C \ (—oo, 0], 
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so that V 7 ~ (0,0,//), V’(l) = 1> where 


n(ds) 


(s + l)ds 
s(log 2 s + 7T 2 ) 


If h( A) = 1 — "0(1 — A) = 1 + A/log(l — A), A € B, then, by Proposition 13.81 
we infer that h is a regular Hausdorff function and h ~ (0, z/), where 


^ ^ t(log 2 (l/t - 1) + 7T 2 ) 


In Example 13.91 a) and b) one may also write down the Taylor coefficients 
for h explicitly. 


4. Sectorial operators and Ritt operators 

In this section we will introduce and discuss sectorial and Ritt operators, 
the main objects of our studies. Moreover, we recall and study the notion 
of Stolz domain. This is a geometric notion related to Ritt operators and to 
some extent matching the notion of sector for sectorial operators. Moreover, 
we prove several geometric properties of the spectrum of Ritt operators. 

Let us first recall that a closed, densely defined operator A is called sec¬ 
torial with sectoriality angle a £ [0, it) if cr(A) C and for any ui € (a, n) 
exists M(A,u ) < oo such that 

\\z(z — ^4) _1 || < M(A, u), z^T,^. 

The set of the sectorial operators with angle a £ [0, 7 r) will be denoted by 
Sect (a). Note that A £ Sect (a) for some a £ [0,7r) if and only 

(4.1) M(A) := sup || z(z + A) _1 || < 00 . 

z>0 

Define also the minimal angle of sectoriality a(A) of a sectorial operator A 
as 

a(A) := inf{a : A £ Sect (a)}. 

(Note that inf above can never be replaced by min.) In this paper, we will 
mostly be dealing with bounded sectorial operators, although some operators 
will a priori be considered as unbounded ones. 

As was explained in the introduction, the theory of Ritt operators is well- 
developed by now and there are many papers treating various aspects of such 
operators. Being unable to present all important and relevant results, we 
thus restrict ourselves to discussing only very basic aspects of that theory. 

Let us first recall that T £ C(X) is said to be Ritt if <r(T) C B and there 
exists C > 1 such that 

(4.2) ||^_ T )-1||<_£_ 5 zgC \B. 

Note that if C = 1 in (14.21) then necessarily cr(T) = {1}, see jS; P- 154], 
There is a direct link between the notion of Ritt operators and the notion 
of sectorial operators. Recall that T £ C(X) is Ritt if and only if er(T) C 
B U {1} and there is u £ [0, ir/2) such that the semigroup (e (1 T)z ) ze c is 
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sectorially bounded in E^, see e.g. [23l Th. 1.5] and the comments preceding 
it. This fact allows the following convenient reformulation which we separate 
for future references. 

Theorem 4.1. An operator T G C(X) is Ritt if and only if there exists 
a G [0, 7 t/2 ) such that 

a (T) C (BU {1}) n {z G C : 1 - z G E Q } and (1 — T) G Sect (a). 

Observe that the last condition means that for any j3 G (a, n/2) there 
exists Cp > 1 such that 

Cp 


(4.3) 


(z-T)- 1 1 | < 


z -II 


z G C \ ((1 - Eg) n! 


Thus, if (14.31) holds, we will say that T is a Ritt operator of angle a. 

Note that the Ritt condition (14.21) has a number of implications for the 
shape of the spectrum of T. To formulate them we need to define several 
concepts. 

For a > 1 define a Stolz domain S a by 


(4.4) 


5 ff :={zGB: |1 - z\/{l - |z|) < a} U {1}, 


Clearly, S a = {1} if a = 1. 

To relate Stolz domains to angular sectors, observe that 


(4.5) 


1 — 5a- C Eoj, u) = arccos(l/<r). 

Then p < cos ct < 1 and 


Indeed, let a > 1 and 1 7 ^ z = 1 — pe lct G S a C 
/?/(! — 11 — pe ia I) < cr, or 


(4.6) a\l — pe‘ 

A direct calculation shows that 

2 a 


< a — p. 


(4.7) 


P < 


a 2 -l 


(crcosa — 1 ). 


Therefore, we have, in particular, that 

cos a > — and 
a 


(1 - S a ) \ {0} C 


Remark that 1 — S a is not a subset of for any Co < ui. 

The next result sharpens the definition of Ritt operators in terms of Stolz 
domains. 

Proposition 4.2. Let T be a Ritt operator satisfying (14.21) for some C > 1. 
Then 

(4.8) <r(T) C S(t with a = C, 
and for any 5 > a there exists C$ such that 

(4.9) ||(1 — z)(z — T) -1 || < Cs, zGC\5j. 

Conversely, if (USD and (14.91) hold for some a > 1, then T is Ritt. 
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Proof. Note first that if C = 1 then a (T) = {1} so that (14.91) holds, see [HI 
p. 154]. Assume now that T is a Ritt operator satisfying (14.2 j) with C > 1. 
Then, by m Proposition 1, Theorem 2 and Corollary], 

<t(T) C 12(g) := {zGDU {1} : | z — e*^| > q\l — e w \ for all ip £ [0, 27t)}, 

where q = Moreover, 12(g) is a closed convex set contained in the shifted 
sector 1 — £ arccoS(? , and for any 6 £ (arccos q, vr/2), 

(4.10) ||(z — T) _1 || < t—1-^4 

|z — 1| 

where C(5) = By Lemma [9Tl (proved in Appendix A), the set 11(g) 

can be described as 

m \ {1} = € D : L-Cj > 9 } ■ 

Then, since 


the definition (14.41) of Stolz domain yields 

12(g) C S a , a = l/q = C, 


i.e. (14.81) holds. Then (14.91) follows from (14.51) . (14.81) and (14.101) . 

The converse implication follows from the obvious fact that So- C D U 
{1} for all c > 1 and a characterization of Ritt operators in terms their 
sectoriality given in Theorem (14.11) (see e.g. [231 Theorem 1.5]). □ 


Proposition 14. 21 motivates the following definition. An operator T £ £(X) 
is said to be Ritt operator of Stolz type a £ [1, 00 ) if u(T) C S a and T satisfies 
m for any 6 > a. 

Remark 4.3. Note that there is an alternative geometric object related to 
Ritt operators. Namely, define a set B u , ui £ (0, 7t/ 2), as the interior of the 
convex hull of 1 and the disc P> S muj '■= {z £ C : \z\ < sinw}, i.e. 

B u = c o(D sinu} U {1}). 

In @2], it is B u that is called a Stolz domain, while we use that terminology 
for 5 ct . Note that B u Cl — One can prove that T £ £(X) is Ritt 
if and only if there exists a £ (0, n/2) such that <r(T) C B a and for any 
/? £ (a, 7r/2) the set {( z — 1 )(z — T) _1 : z £ C \ Bp} is bounded. See e.g. 
[32) Definition 2.2] and [321 Lemma 2.1] concerning the above. However, the 
domains as B u appear to be less convenient for the study of the permanence 
properties of Ritt operators under functional calculi. Thus, we do not discuss 
them in this paper. 


The relevance of Stolz domains is also clear from the statement given 
below which will be instrumental in the proof of our main assertion. 
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Proposition 4.4. Let h( A) = o c nA n ,A € D, c n > 0, be such that 
Y^n=o c n = 1- Then for each a > 1, 

(4.11) h(S a ) C S a . 

Proof. Since 

|1-A"I lg;^A*| ll-AI |1-A| 

1-|V| EEJ|a|* '1-W - 1 - |A|’ 

each of the functions h n { A) := A n , n G Z+, satisfies the relation (14.111) . 
Then, by the convexity S a , the inclusion (|4.1ip holds for any h given by the 
convex power series c n A n . □ 

4.1. Operator Cayley transform and its relation to Stolz domains. 

In this subsection, we will discuss the operator Cayley transform which will 
our basic tool in reducing considerations in the discrete setting to their half¬ 
plane analogues. However, as we already remarked in the introduction, as 
far as Ritt operators are bounded, the discrete situation has its specifics so 
that it makes a sense to study it in some more details. 

As far as we will be aiming at reducing the arguments for the unit disc 
to the half-plane setting, the Cayley transform C will clearly play a crucial 
role. Recall that the Cayley transform is given by 

(4.12) C (A) : =i^, A/-1, 

and that C maps D onto C+ conformally. 

The following proposition relates Stolz domains and angular sectors via 
the Cayley transform, and will be useful in the sequel. 


Proposition 4.5. Let C be the Cayley transform. If a > 1 and oj = 
arccos(l/cr), then 

C(S<r) C E w . 


Proof. Let A = 1 — pe ia € S a , A / 1. Then 


C(A) = 


pe"' 


2 - pe ia 

Using (I4.6P and (14.71) . we obtain 

ReC(A) 2 cos a — p 


p( 2e ia — p) 
|2 — pe ia | 2 


|C(A)| 


> 


> 


|2 - pe ia | 

2 cos a — p 
1 + |1 - pe ia | 
2 cos a — p 
l + (a-p)/a 


1 2a(a cos a — 1) — (a 2 — 1 )p 
a a(2a — p) 

1 

> 

a 
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that is C( 1 — pe ia ) £ where a; = arccos(l/cr). 


□ 


Now we turn to the operator analogue of C. For T € C{X) with a(T) C O, 
and ker(l + T) = {0} we define the Cayley transform C(T ) as 

(4.13) C(T) := (1 — T)(l + T) _1 . 

If ran(l + T) is dense in X then it is straightforward that C(T) is a closed 
densely defined operator on X and a(C(T)) C C+. In our considerations, 
we will always deal with T such that —1 fL <r(T). Thus, in the sequel, C{T) 
will always be bounded. 

Finally note that, by a direct calculation, 

(4.14) C(C(T)) = T. 

The following simple proposition relates sectoriality of T to that of C(T). 


Proposition 4.6. Let T be a power-bounded operator on X such that —1 
ct(T), and let sup n>0 ||T"|| := M. Then for any ft £ (7r/2,7r), 

3M(1 + ||T||) 


(4.15) ||(C(T)-^r 1 ||< 

In particular, C(T) £ Sect(7r/2). 


| z cos /3| 


-, z£T,p. 


Proof. Note first that if A fL cr(T) and z = then 


(4.16) 


(C(T) - z)- 1 = _il±^l(i +T)(T- A)" 1 . 


Since for z fL C+ one has z = with A = q+f ^ B, the identity ()4.16[) 
yields 

(4.17) 


ll(C(T) - z)-‘|| < il±d||(l +T)(T- A)- 1 ! 


By assumption and the Neumann series expansion we have 


(4.18) 


||(T — A) -1 1| < 


M 


|A| — 1’ 


A£C, |A| > 1, 


hence if z ^ C+, then 


(4.19) 


|1 + A|||(T - A) - || <M 


|1 + A| 
|A| — 1 

2 M 


l-z\-\l + z\ 
|l-^| + |l + z| 


=M 

<M 


2|Re z\ 

1 + \z\ 


\z cos (3\ 

Thus, from (|4. 17j) and (|4. 19 j) it follows that if z 0 C + is such that |^| < a, 
then 

(a + 1) 


\\{C(T)-z)- x \\<M 


2| z cos /3| 


(4.20) 
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Next, if z C + satisfies \z\ > a > 1, then 

l + lzl ct + l |1 + A| 1 a 

—r - ;— < -, and - = -- < - 

\z\ a 2 |1 + z\ (a — l)\z\ 

so using (|4.17l) and (14.191) and observing that 

(1 + T)(T - A)" 1 = 1 + (A + 1 )(T - A)" 1 , 

we obtain 

(4.21) ||(C(T) - z)-'\\ (1 + |A + 1|||(T - A)" 1 !!) 

< a ( M(a + 1)\ M(2a + 1) 1 

— (a —l)|z| \ a|cos/3| / (a — 1)| cos f3\ \z\ 

Setting finally a = 4, (|4.19l) and (|4.21l) imply (|4. 15|) . □ 

We proceed with revealing an interplay between geometry of the spectrum 
of Ritt operators and their Cayley transforms. 


Proposition 4.7. If T is a Ritt operator of Stolz type a, then C(T) £ 
Sect(w) for cu = arccos(l/fj). 


Proof. Fix a > a. By assumption, 

(4-22) || (T _ A) -1||<_9l_ 

If u = arccos(l/ir) and z ^ 2^,z 0, then by Proposition 14.51 there exists 

A 0 Sa such that z = (1 — A)/(l + A). Hence, by (14. 161) and (14.221) . 


\\(C(T)-z 


.—I i 


< 


|1 + A| 


|i + r|| 


C* C a \\l + T\\ 


IA 1 1 


2\z\ 


so that C(T ) £ Sect(w). Since the choice of a > a is arbitrary, we conclude 
that C(T) £ Sect(w). □ 


5. Functional calculi 

5.1. Holomorphic calculus and operator complete Bernstein func¬ 
tions. In this subsection we will set up a holomorphic functional calculus 
of sectorial operators and will state several of its properties important for 
the sequel. The comprehensive accounts on the extended holomorphic func¬ 
tional calculus can be found in many texts including e.g. |.‘12[ Chapter 2] 
and m Section 9], but we still feel that the functional calculi theory is not 
a part of general background, so we recall its basic features important for 
our exposition in subsequent subsections. 

For (p £ (0,7r), let 0(2^) stands for the space of all holomorphic functions 
on Yiy. Define 

tf 0 °°(^) := {f£0(E v ) : |/(A)| < CmindAT, |A|~ S ) for some 0, s > 0} , 
and 

B{ 2^) := {/ £ 0(2 V ) : |/(A)| < 0max (|A| S , |A|“ S ) for some C,s >0} . 





























ON DISCRETE SUBORDINATION 


19 


Note that Hff(Yi v ) and £>(2^) are algebras. 

Let 0 < a < ip < 7r, and let A E Sect (a). For / E and oo E 

(y?, 7r), define 

*(/) = /(A) :=^-f /(A)(A - A )" 1 dA, 

where 2 Q0 is the downward oriented boundary of 2 Q0 . This definition is 
independent of a^, and 


: ff 0 °°(2 v ) ^ C(X), $(/) = /(A), 

is an algebra homomorphism. Let t(A) := Assume that A is injective 

so that <h(r) = r(A) = A( 1 + A) -2 is injective as well. 

Since for any / E £>(2^,) there is n E N such that 

(5-1) r n f E 2„), 


we can define a closed operator /(A) as 


(5.2) f(A) = [r n (A)}-\r n f)(A) = [A(l + A)~ 2 ]~ n (/ • r")(A), 


where 


(f-r n )(A) 



A n /(A) 
(A + l) 2n 


(A - A) -1 dA, 


according to the above. This definition does not depend on the choice of n 
as far as (15.11) holds. A mapping 


d? e : B(2 V ) ^ C(X), &e(f) = /(A), 

is an algebra homomorphism, and it is called the extended holomorphic func¬ 
tional calculus for A. 

Note that <h e formally depends on a choice of cp, but the calculi are consis¬ 
tent with an appropriate identification. Thus we may consider the calculus 
to be defined on 

B[ 2 a ] := U B{ 2„). 

a<(/?<7r 

It is important to note that in view of Theorem 13. ll fiil if a E [0, 9\) and 
/ E J\fV + {6\ , O 2 ) then any / can be regularized by r 2 , and so /(A) is defined 
in the extended holomorphic functional calculus. 

The extended holomorphic calculus is governed by usual calculi rules, 
see |32l Section 2.3, 2.4] for more on that. The following properties of the 
calculus will be of particular importance for us. 


Proposition 5.1. (i) If f and g belong to £>[2 a ], then the following 

sum, rule and product rule hold: 

f (A) + g(A) c (/ + g)(A), f{A)g{A) c (fg)(A). 

If g( A) is bounded, then the inclusions above turn into equalities. 
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(ii) Let f £ B[E a i] and g £ £>[£ Q ]. Suppose in addition that g{Ti a ) C £ a /, 
g{A) £ Sect(a'), and g(A) is injective. Then f o g £ £>[X Q ], and the 
composition rule hold: 

(5-3) (fog)(A) = f(g(A)). 

The importance of sectoriality angles is well-illustrated by the following 
classical statement on fractional powers of sectorial operators relevant for 
our subsequent arguments. 

Proposition 5.2. Let a £ [0,7r) and q > 0 be such that qa < 7r. Then 
A q £ Sect (qa). Moreover, there exists M q (A) > 0 such that for every e > 0 

(5.4) ||A(A T (-^ T e) 9 ) 1 1| 5; M q (A), A £ (0, oo). 

For a proof of the first part of the proposition see e.g. {321 Proposition 
3.1.2] or [El Corollary 3.10]. The estimate (15.4)1 is a direct consequence of 
[32, Corollary 3.1.3] and J32J Proposition 2.1.2, f)]. 

Complete Bernstein functions introduced in Subsection 13.11 fall into the 
scope of the extended holomorphic functional calculus. Moreover, such func¬ 
tions can be defined for any sectorial operator regardless of its angle of 
sectoriality. Indeed, every complete Bernstein function extends holomorphi- 
cally to C \ (—oo,0], and (13.111) implies that it has a sublinear growth in 
any sector a £ [0,7r). Identifying a complete Bernstein function with 
its holomorphic extension to C \ (—oo,0], we infer that it belongs to the 
extended holomorphic functional calculus for any sectorial operator A. The 
definition (15.21) applies in this case with n = 2. Moreover, the following op¬ 
erator analogue of (13.111) holds, see e.g. [5j Theorem 3.12 and Section 3] 
for its discussion and proof (as well as for more details on the holomorphic 
functional calculus of complete Bernstein functions). Another approach to 
operator complete Bernstein functions can be found in [8] and m- 

Theorem 5.3. Let a complete Bernstein function ip be given by its Stielt- 
jes representation (a,b,/a) (see (13.lip ). Then for every x from the domain 
doiri(A) of A, 

(5.5) ip(A)x = a + bAx + / A{A + s) _1 x /i(ds). 

J (0,oo) 

Moreover, dom(vl) is a core for 'ip(A). 

Note that a complete Bernstein function if of A can also defined in the 
framework of other calculi, e.g. Hille-Phillips functional calculus, where the 
assumption ker(A) = {0} is not, in fact, necessary. However, we will not 
need this fact in the sequel. 

5.2. A[^-calculus. Now we turn to a discussion of another calculus tailored 
to deal with power bounded operators rather than sectorial ones. If T is a 
power bounded operator on X , then we can define a A])_(D)-functional cal¬ 
culus for T which does not require holomorphicity of functions on cr (T) as 
in the case of the holomorphic functional calculus from the previous subsec¬ 
tion. The notion of the Hausdorff function will be crucial in this context. We 
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will show that the notion is just another face of the notion of the complete 
Bernstein function explained in the previous subsection. 

Since A^(B) is a convolution Banach algebra, there is a very natural way 
to define a function from A^(ID) of T. Namely, if /(A) = Cn ^ n e A+0®) 

then we set 

OO 

f(T) = Y,c n T n . 

n=0 

The mapping 

<!> : ^ jC(X), <h(/) = /(T), 

is a continuous homomorphism of Banach algebras satisfying 

ll*(/)ll < (“Pll r "ll) II/IIa3.(d>- 

It is called the A+(B )-calculus for T. 

In what follows, we will need a spectral mapping theorem for A+(D)- 
calculus. This result can be found e.g. in [23, Theorem 2.1]. 

Proposition 5.4. Let f £ A (KB) and let T be a power-bounded operator 
on X. Then 

(5-6) <t(/(T)) = f(a(T)). 

Remark 5.5. Recall that if Ti and T 2 are commuting bounded operators on 
X then 

(5.7) dist(a(r 1 ),a(T 2 ))<||T 1 -T 2 ||, 

where dist(<r(Ti), cr(T 2 )) stands for the Hausdorff distance between a{T\) 
and ct(T 2 ). (See e.g. [3H1 Theorem IV.3.6].) The proof of Proposition 15.41 
given in [23] is based on this result, and the result will also be useful in the 
sequel. 

It is important to observe that since A]_(0) includes regular Hausdorff 
functions, a Hausdorff function h of a power bounded operator T is well- 
defined in the A]_(B)-calculus. Moreover, for h ~ (co,u) one can prove the 
operator counterpart of (13.201) : 

h(T) = co+ [ T{l-tT)~ 1 u(dt). 

A o,i) 

As we will not use this formula in the following, its proof is omitted. 

Since we will use the two functional calculi, namely the extended holomor- 
phic functional calculus and A]_(B)-calculus, a natural question is whether 
these calculi are consistent. To clarify this issue, note that if T is power 
bounded, then 1 — T is sectorial and by [33], Proposition 3.2] the A[]_(B) 
-calculus agrees with the holomorphic functional calculus for sectorial oper¬ 
ators in a sense that for appropriate holomorphic / one has f(A ) = g(T ) 
where A := 1 — T has dense range and g{ A) = /(I — A). 

Moreover, if h ~ (co,u) is a regular Hausdorff function, then ip(\) := 
1 — h( 1 — A) £ CBT by Proposition 13.81 Thus, ip(A) is defined by the 
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extended holomorphic functional calculus. On the other hand, h{T ) can be 
defined by the A(_ (D)-calculus. In view of the next result proved in [351 
Proposition 3.2] and formulated for a future reference, the two calculi are 
consistent and lead to the same operator. 

Lemma 5.6. Let h be a regular Hausdorff function and let ip(\) = 1 — h( 1 — 
A) be the corresponding complete Bernstein function given by Proposition 
E3 If T is a power bounded operator on X such that ran (1 — T) = X, then 

1 -h(T)=if>(A), A := 1 — T, 

where h(T) is defined by means of the A^_ (10) - calculus and ip (A) is defined 
by the extended holomorphic functional calculus. 

Remark 5.7. Recall that, by the mean ergodic theorem, if T is a power 
bounded operator on X and ran (1 — T) = X, then ker(l — T) = {0}. 

Remark 5.8. Using the approach of Subsection 15. II one may also define the 
extended A l 1 _(D)-calculus. In this way, the extended A+ (O)-calculus for T 
comprises more general Hausdorff functions of T. However our arguments 
will not require this generalization. 


6 . A],. -FUNCTIONS OF RlTT OPERATORS 

We now turn to deriving estimates for (z+f )^ 1 (A) where / = hoC £ J\fV+ 
is a convex power series h of the Cayley transform C and A is a sectorial and 
bounded operator on X. We start with obtaining an integral representation 
for the “resolvent” function (z + /) -1 . This representation will lead to a 
similar representation for (z + /) - 1 (A), and eventually to the (’’uniform”) 
sectoriality of f(A). Finally, if T is Ritt and A = C(T ), then the sectoriality 
of f(A) with an appropriate angle will imply that h(T) is Ritt. 

It is also important to note that our arguments depend essentially on a 
convergence of certain approximations of Ritt and power bounded operators. 
Thus all constants in the resolvent bounds given below have been written 
explicitly so to reveal their uniformity with respect to approximation and 
to keep control over the convergence issues. 


Lemma 6 . 1 . Let f £ J\fV+(0i, 62 ). If 

a € ( 0 ,#i), q £ (ir/9i,ir/a) and 7 € ^ 0 , 7 r ^1 - 
then for every R > 0, 

lmf{te in / q )t q ~ 1 


j-R 1 / q 

(6.1) (2 + /(A )) -1 —— / 

n Jo 


+ 


0 (z + f(te i 7 r /i))(z + f(te 

2 ^ ij\s\ =R (z+f(.e /q m-vy 


for all A £ 


< 


R 1 / q , and z £ Xh 



dt 

/ q )){t q + \ q ) 
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Proof. Let a £ (0,di), q € ( 71 / 6 * 1 , 7 r/a) and R > 0 be fixed. By Corollary 
E21 for every (3 £ (qa, n) and all nonzero A £ and £ € <9£/i, 

( 6 - 2 ) /(A) £ P‘a 9 2 /e 1 and f^ 1 ^) £ 

Note also that if A £ and 21 £ S 7 , where 7 £ (0, 7 r(l — 6 * 2 /(<?^i))), then 


06 * 2 / 6*1 + 7 < 7 T and 'y +/302/(qOi) <-K. 
Now, by Cauchy’s theorem, for every R > |Al 9 , 

(0.3) 1 r * 


(^ + /(A))- 1 = -C / 
2 m J dl 


isxpw (z+ftt i/q m-* q y 

where T,p(R) := n {2 £ C : \z\ = R}. Deforming the contour Xg(i?) in 
(16.3p to the negative semi-axis, we obtain 


(*+/( A)r = 




27TiJ m=R (z + f(p/«M- X q ) 


rR 


ds 


2v TiJ 0 ( z + f{s 1 /ie™/ c i))(s + A«) 




+ 


ds 


27T7 do (2 + /(s 1 /9 e -Wl))( S + A9) 
If d£ 


2vrz J| e | =jR (^ + /(^/9))(e-A9) 


r-R 


+ 


Im/(s 1 / 9 e* 7r / g ) ds 


7T ./o (2 + /(sV? e W9))(^ + /(s 1 /9 e -* 7r /9))(s + A?) ’ 


and (16.11) follows. 


□ 


The above lemma is in fact the heart of our strategy. Using the repre¬ 
sentation (16.31) containing f{£}/ q ) rather than /(£) we are able to deform 
the integration contour to the negative half-axis so that to pass to the for¬ 
mula (16.ip containing Im f{te m ^ q ). In turn, this latter term Im f(te l7r ^ q ), for 
certain / £ J\fV+, allows useful estimates, e.g the one given by Lemma 19.41 
from Appendix A. Lemma 19.41 provides a way to cancel singularity of the 
integrand in (16.11) at t = 0 and thus helps to show that the integral (16.11) 
converges absolutely. This is the key point in obtaining resolvent bounds in 
Theorem 16.31 below. 

Next, using the preceding result and Theorem 13.11 we prove the sectori- 
ality of f(A) if / £ MV+{9 1 , 62 ) D £>^(0, a) for some a > 0. The proof is 
based on the integral representation for the resolvent of f(A). The represen¬ 
tation yields the sectoriality of f(A) by means of Theorem 13.11 and bounds 
on Im / contained in the definition of 21^(0, a). Moreover, we give a very 
explicit bound for the resolvent of f(A). It is important for subsequent ap¬ 
proximation arguments where a certain uniformity of resolvent estimates is 
required. 

On this way the following lemma from [2j Appendix B, Proposition B5] 
will also be crucial. 
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Lemma 6.2. Let A be a closed densely defined operator on X, and U be a 
connected open subset of C. Suppose that UC\p{A) is nonempty and that there 
is a holomorphic function F : U C(X) such that {z £ U D p{A) : F(z) = 
(z — A)” 1 } has a limit point in U. Then U C p(A) and F(z) = (z — A ) _1 
for all z £ U. 


Theorem 6.3. Let f £ ATV+(9i, 62 ) flD^O ,a) for some a > 0. Let A £ 
C{X) be such that A £ Sect (a), a £ [0, 8 \), and ker At = {0}. Then 


f(A) £ Sect (a), 


- O 2 

« = -•«. 


Moreover, for all q £ {tt/Qi,'k/ol) and 7 £ ^0,7r |^1 — ) , one has 

(6-4) \\(z + f(A)) 1 || < z £ S 7 , 

where 

(r ,, = qM g (A)m(7r/q) 2 

9,7 Cb7rcos 2 ((7r/q + y)/2) cos((7r/g + 7)/2) ’ 


with M q (A ) given by (15.41) . b = b(ir/q, 2||A||) and m = m(ir/q) corresponding 
to f by the definition of'Dg 1 (0, a), and finally C = b° 2 ^ ei [ cos (ir 2 /(28 iq ))] 2d2 /\ 


Proof. Let q £ (ir/Qi,n/a) and 'y £ ^0,7r ^1 — be fixed, and set R = 

2 9 ||A' ? ||. Having in mind (16.II) . let us set formally 


( 6 . 6 ) R q (z-f, A) := 


q f Rl/q lm.f(tF' K / q )t q ~ l (A q +t*)- 1 dt 


-f 

2m Ju 


(z + f(te in /i))(z + f(te 
(f,-A q )~ l df, 

\t\=R z + f(t 1/g ) 


z £ T, 


7’ 


We first prove that R q (--,f,A ) : X 7 i-a £(X) is a well-defined holomorphic 
function and derive a bound for || zR q (z\ f, A)|| when z £ S 7 . 

We consider each of the two terms in (16.61) separately. To estimate the 
first term, note that by Corollary 13.21 

(6.7) f(te lf3 ) £ T, w/q , t > 0, \/3\ < n/q. 


Then, by Lemma 19.21 (from Appendix A) and Corollary 13.21 for all c £ (0,1] 
and all z £ S 7 , 


( 6 .S) 

\{z + f(te in / q ))(z + f(te~™/ q ))\ >cos 2 ((7 r/q + 7 )/2) (\z\ + |/(te^)|) 2 

>cos 2 ((7r/g + 7 )/ 2 ) (\z\ + C f(5t )) 2 , 


2$1 / 7T 


where 


C = c 2 e 2 / n \cos^‘ 2 /{2qe l ))} 2e2 ^ and 6 = 6 (c) := C 
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Now, let b = b(ir/q, R 1 ^) and m = m(ir/q) be given for / by the definition 
of Dg 1 (0, a). Put 

(6.9) c := fP /(20l) e (0,1], 

so that 

b = 5 = c 26l/n and C = 6 02/01 [cos(7t 2 /(2^i))] 202 ' /t . 

According to (I3.14H . we have 

\lmf(te™/ q )\ < m(ir/q)tf'(bt), t € (0 ,R 1/q ). 

Furthermore, by Proposition 15.21 A q is sectorial, and by (15.41) . 


IKAi + t^-'w < 


M q (A) 


t q 


t > 0. 


Taking the above bounds into account, we then proceed as follows: 

nRl/q |Im f(te i7r / q ) \ \\(A q + t q )~ 1 \\t q - 1 dt 


( 6 . 10 ) 


/ 


< M q 


L 


| (z + f(te™/ q ))(z + I 

Rl/q |Im f{te m / q )\dt 

|(.z + f (te™ / q ))(z + f{te~ in ^))\t 


r R V« 


< 


< 


f{bt)dt 


M q (A)m(ir / q) _ 

cos 2 ((-7r /q + y)/2) J 0 (\z\ + C f{bt)) 2 
M q (A)m(n / q) 1 


Cbcos 2 ((ir/q + 7)/2) \z\ 

Next, we estimate the second term in (16.61) . Note that 


ll(£-^T 1 ll< 


< 


KI>2||Aff||. 


\t\-\m - ier 

Using once again Lemma 19.21 and taking into account (16.71) . we infer that 

( 6 . 11 ) 


1 

27T 


ii(e-^r 1 ii m 


< 


ki 


'lei =R \z + f (£, 1/q )I nRcos ((vr/ q + 7)/2) J\£\=r |^| + \f{£ 1/,q )\ 

2 1 

^ - - - 7 - 7 — TTT • 7 T, Z G 


cos ((7r /q + y)/2) \z\ ’ 

Finally, since the integrals in (16.61) converge absolutely, the operator¬ 
valued function R q (-;f,A ) : £ 7 i-A C(X) is holomorphic by a standard 
application of the Morera theorem. 

Thus, due to (16.61) . (16.101) and (16.111) . R q {-\ f, A) : £ 7 i-a C(X) is holomor¬ 
phic for every 7 £ (0,7r(l — c/” 1 )). Moreover, 

(6.12) \\R q (z-f,A)\\ <^I, z€S 7 , 


where c qn is defined by ((6.51) . (Note that c 9j7 depends only on q, 7, ui, 
and M q (A).) 
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Next we show that if z £ £ 7 , then R q (-; /, A) coincides with (z + /(A)) -1 , 
and as a consequence that (|6.4I) holds. From Lemma 16.21 it follows that it 
suffices to prove (j 6 . 6 jl only for z > 0 . 

So, let z > 0 be fixed. Since A has trivial kernel, and the function (z +-) -1 
is bounded on C + for every z > 0, (z + /) - 1 (H) is defined in the extended 
holomorphic calculus via ([5.21) with n = 1. Moreover, using Lemma l 6 .ll for 
all Cj £ (a,u ;) and z > 0 , 


A 


(A+ 1)2 (z + f) 




A (A — A)~ l 
(A+ 1)2 (* + /(A)) 


dX 


q 


+ 


2n 2 i 
1 


rR 1 /* 

i Jo 


Im /(te J7r / 9 ) t q 


-i 


(z + f(te™/ q ))(z + f(te-™/«)) J d E . (A + 1 ) 2 (A<? + t q ) 


L 


A(A — A) 


-i 


dXdt 


1 


A (A - A) 
(2vn)2 J m=R ( Z + /({!/<,)) J d (A + 1)2 (£ - A*) 

Rl/q Im f (te™/ q ) t q ~ l 


L 


-i 


dXdt; 


f 


(z + f(te™/ q ))(z + f{te-™/ q )) 


A(A + l)~\A q + t q )~ L dt 


1 


1 


2 vri J^ =R (z + /(f 1 /*)) 
=A(A + l)- 2 R q (z-J,A). 


A{A + ir\i- A q )~ v di 


Hence, by (15.21) . 

{z + f)~ l {A) = R q (z; /, A) 

for all z > 0. Now the product rule for the extended holomorphic functional 
calculus (Proposition EH (i)) yields 


R q (z;f,A)(z + f(A)) c (z + f(A))R q (z;f,A) 

= {z + f)(A)(z + f)~ 1 (A) = 1. 

In other words, we have R q (z; f, A) = (z + /(H )) -1 for each z > 0, and then 
for each z £ £ 7 . Hence, in particular, (z + /(H )) -1 satisfies ()6.12l) . 

Thus, from (16.61) and (16.121) it follows that f(A) £ Sect( 7 r — 7 ), where 
7 T — 7 £ (ir/q, 7 r). Since q can be made arbitrarily close to vr/a, so that 7 is 
arbitrarily close to it — a, we conclude that f(A) £ Sect (a). □ 


Next we obtain a corollary of Theorem 16.31 for certain functions from J\f V+ 
arising in the study of convex power series of Ritt operators. Let 

OO OO 

(6.13) h(X) := ^c n A n , A € D, c n > 0, ^c n = 1, 

n=0 n=0 

and 

(6.14) h(A) := 1 - h (^4) = 1 - (l+r) ’ AgC +- 

\ / n=0 ' ' 

The next result is a direct corollary of Theorem 16.31 
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Theorem 6.4. Let h be given by d 6.14\) , and let A £ C{X) be such that 
A £ Sect (a), a £ [0, 7t/2), and ker A = {0}. Then h(A) is defined in the 
extended holomorphic functional calculus, and h(A) £ Sect (a). Moreover, 

for all q £ ( 2 , ir/a) and 7 £ (0, 7 T (1 — M J, one has 


(6.15) 
where 

(6.16) 

with b 


(z + h(A)) 


-ii 


< 


-Q, 7 


Z £ LL, 


qM q (A) 


+ 


26 2 cos( 7 r/g) cos 2 ( 7 r/g + 7)/2 cos(ir/q + 7)/2 ’ 
b q ,\\A\\ = 1 + 4 PF ’ and M i( A } 9 iven b y dS3>- 


Proof. By Lemma [3761 h belongs to 1) fl NV+. Moreover h satisfies 

Definition 13.51 of X ) 7 r / 2 (0.1) with 

b = b(fi,R ) = € ( 0 ,min{l, 1 /( 2 i?)}) 

and m(/3) = tt/2. Therefore, by Theorem 16.31 (with 6 \ = 62 = 7 r/2), we get 
(16. 15[) and (16.161) . □ 


We proceed with obtaining a counterpart of the preceding result for com¬ 
plete Bernstein functions of sectorial operators. It will be needed in the 
next section in the study of improving properties of Hausdorff functions. As 
above, the explicit constants will be given since they will be crucial for the 
sequel. 


Theorem 6.5. Suppose if £ CBP and (|3.15l) holds for some ui £ (0,7t/2). 
Let A £ C{X) be such that A £ Sect(7r/2) and ker A = {0}. Then if (A) £ 
Sect(cu). If the numbers ojq,6 and 6 0 are as in Proposition then for all 

q £ (vr/0, 2) and 7 £ ^0,7r ^1 — , one has 

(6.17) ||(Z + V'(A))“ 1 || < yy, Z £ S 7 , 

\z\ 

where 

/ fil8 N 2gM g (A)tan(7r/(2g)) 2 

9,7 Cn cos 2 (n/q +'y)/2 cos(7r/q + 7)/2 


with C := [cos( 7 r 2 /( 20 (/))] 2e °/ 7r and M q (A ) given by (15.41) . 


Proof. Fix 6 £ (tt/2,ojq). Let ujq and 6 0 be defined as in Proposition 13.71 
Then 


?/> € A7P+(M 0 ). 


Moreover, from Lemma 13.41 it follows that if £ T>g(0,a) for each a > 0 with 


m(/3) = 2tan(/3/2) and b = b(/3,R) = 1, /3 £ (0,7t/2), R > 0. 
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Then, by Theorem 16.31 for 9\ = 6, O 2 = #0 and a = n/2, ip (A) is defined in 
the extended holomorphic functional calculus, and 

(6.19) ip(A) € Sect(w(6>)), u{0) = y • 

Moreover, (16.17P holds with the constant given by (16.181) . 

Finally, from (13.161) it follows that 

lim 9q(9) = u, 

6—>n/2 

hence, according to (|6.19l) . lim^.^ w(0) = So, by the definition of a 
sectorial operator, ip {A) £ Sect(w). □ 

We turn to the proof of the main result of this paper on convex power 
series of Ritt operators. To this aim, it will be convenient to separate the 
next simple technical statement as a lemma. 


Lemma 6.6. Let g e , e > 0, be given by 

(2 — e)A — e 


9eW = 


2 + e + eA ’ 


|A|<1. 


Then for every e > 0 one has g e € A+(B) and ||^ e || A i = 1. 

Proof. Note that 


Hence 


9e( A) — — 1 + 


= - 1 + 


2(1 + A) 

2 + e + eA 


+ 


4A 


2 + e (2 + e)(2 + e + eA) 
(—l) n e n A n 


e 4A 

+ 


2 + e (2 + e) 2 ^ (2 + e) r 


E 


|A| < 1. 


\\9, 


e IIA 


+ 


E 


+ (") 2 + e (2 + e) 2 ' (2 + e) r 

v 7 n =0 x 7 

e 1. 


2+e 2+e 


□ 


Now we are ready to prove our main result. Besides saying that a convex 
power series of a Ritt operator is Ritt, it shows that a convex power series 
preserves Stolz type. Moreover we have a control over the angle of the Ritt 
operator given by the series. 

In the course of our proof we first show that 1 — h(T) = h(C(T)) in a 
“simple” case when T is Ritt and 1 — T is invertible. Then the sectoriality 
estimate for h(C(T)) given by Theorem 16.71 transfers to that for 1 — h(T). 
The general case then follows by approximation, and the uniformity of the 
constant in (16.41) with respect to a family approximating T appears to be 
indispensable. 
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Theorem 6.7. Let h be defined by \6.1S\) . and let T be a Ritt operator on 
X . Then there exists u £ [0, 7t/2) such that C(T ) £ Sect(cj), and h(T ) is a 
Ritt operator on X with the same angle u>. Moreover, ifT is of Stolz type a, 
then h(T) has Stolz type a as well. 


Proof. Since by assumption T is Ritt, T is power bounded and cr(T) C 
BU {1}. 

Assume first that 1 ^ <r(T), so that a(T) C B. Let C be the Cayley 
transform defined by (14.1211 . and set for shorthand A := C(T). Clearly A £ 
C(X), and Proposition 14.71 implies that A £ Sect(cj) for some u £ [0,7r/2). 
Moreover, ker(A) = {0}. Let us first prove that 

(6.20) 1 - h(T) = h (A), 


where h(A) is defined by the extended holomorphic calculus and h(T) is 
given by the A^(B)-calculus. 

By the definition of the extended holomorphic calculus, 

(6.21) h(A) = A _1 (l + A) 2 (h • r)(A). 

If uj' £ (w,7r/2), then using (14.1411 and Cauchy’s theorem, we obtain 


(h • t)(A) = 


1 r Ah(A) 
Zni (A + l) 2 


(A - A) _i d\ 


1 

2 ni 


A 


'9^' ( A + !) 2 n =0 


1 


2 iri 




■E' 

a=C 

A 


n =0 


IdT.. (A + l ) 2 L V 1 + A 


1 - 


1 - 


1 - A 
1 +A 

1 — A x n 


(A - A)" 1 dX 
(A - A)- 1 dX 


Y,CnA(A + l)- 2 [1 - ((1 - /1)(1 + /l)- 1 )"] 


71=0 


A(A + l)- 2 ^c n (l-T" 


71=0 


= A{A + iy 2 {l-h(T)) 


This and (16.2111 imply (16.201) . 

From (16.2011 and Theorem 16.41 it follows that 1 — h{T) £ Sect(w), where 
u £ [0, 7t/ 2) is a sectoriality angle of A = C(T). Hence, by the spectral 
mapping theorem (Theorem 15.411 and Theorem 14. 11 h(T ) is a Ritt operator 
of angle uj. Thus the first statement of the theorem is proved if T is Ritt 
such that 1 — T is invertible. 

Let now 1 £ cr(T). Then consider the approximation family (T e ) eg ( 0j i) C 
C(X) given by 

(6.22) T e := g e (T) = ((2 — e)T — e)(2 + e + eT)~ l , e£(0,l). 


Observe that since T is Ritt, the spectral mapping theorem for the (stan¬ 
dard) Riesz-Dunford functional calculus and simple geometric considerations 
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imply that 

cj(T e ) C D. 

Thus h(T e ) is well-defined in the A+(D)-calculus. 

Furthermore, note that for every e £ (0,1), 

(6.23) C(T e ) = (1 + e - T + eT)(l + T)~ l = C(T) + e, 
so that C(T e ) € Sect(cu). Moreover, 

(6.24) lirn IIT-TJ = ||e(l + T) 2 (2 + e + eT) -1 II =0. 

e —>0 

Hence for every n £ Z_|_, 

(6.25) lim ||T n — T n || = 0. 

e —>0 

Since, in view of Lemma 16.61 

OO 

||/ l (T e )|| = ||/i(5e(T))|| AV(D) < ^ Cn || 5e (T)||^ (D) = Mh( 1) = M, 

n =0 

where M := sup n>0 ||T n ||, the dominated convergence theorem gives 

(6.26) li™ \\h(T) — h(T e )\\ = 0. 

e —>0 

(Note that we do need any composition rule here.) 

According to the first part of the proof and (16.231) . for each e £ (0,1), 

(6.27) 1 - h(T e ) = h(C(T e )) = h(C(T) + e) = h(A + e). 

Next we use Theorem 16.41 again. The estimate given by (16.41) and (16.51) and 
Proposition 15.21 yield 

(6.28) - ff (h(4 + f))cC\S, 
and 

(6.29) ||(z + h(A + e))- 1 || < 

\z\ 

for all £ £ (0,1) and u/ > w, where Ms does not depend on e. Now due to 
(16.281) and (I6.27P we have o(h(T e )) Cl — so that by ()6.26l) . 

a(h(T)) C 1-E W . 

Moreover, (16.27[> and (16.291) imply 

(6.30) ||(z — 1 + h(T € ))~~ 1 \\ < “pri z€E,s, 

for all e 6 (0,1) and u/ > u. Then, by (|6.26[) and (16.301) . 

lim ( 2 : - 1 + hiT ,))- 1 = (z - 1 + HT ))- 1 

e —>0 

strongly in C(X) for each z E Therefore, for all oj' > oj and z £ Es, 

\\(z - 1 + h,(T))~ 1 \\ < lim inf ||(z — 1 + h(T e )) _1 || < -pj-. 

In other words, h(T ) is a Ritt operator of angle oj. 
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Let us now prove the claim about Stolz type. Assume that T is a Ritt 
operator of Stolz type a. Then by the preceding part of the proof and Propo¬ 
sition [L5] the operator h(T) is Ritt of angle a = arccos(l/cr). Hence for any 
13 <E (a, it), 

(6.31) ||(z-/i(T))- 1 || < T“Tij’ 1 -z?V p . 

On the other hand, by Theorem 15.41 and Proposition l4.4l we conclude that 

(6.32) a(h(T)) C S a . 


Let 5 > a be fixed, and let <xo := (cr + $)/2 and «o := arccos(l/< 7 o). Then, 
by (16.311) and (14.51) . there is C ao > 1 such that 


II (z-hiT))- 1 


Cap 

z-M' 


1 z (/l L 1 Qo . 


If z € D \ Sg and 1 — z € X ao , then a simple calculation shows that 


Re(l — z) > 


25(5 - ctq) 
(5 2 - 1 )crg ' 


Therefore, the distance between (D \ Sg) 0 (1 — S ao ) and S a is positive, and, 
in view of (16.321) . 

||( 2 ; — /i(T)) -1 || < C, z?Ss, 1-2GS qo , 


for some C > 0. Taking into account 


C\SjC{zeC: 1- zg £ Qo } LI {z £ C : z £ S s , 1-zeEj, 

we conclude that the operator h(T) satisfies (14.91) . As the choice of 5 > a is 
arbitrary, h(T) is of Stolz type a. □ 


7. Hausdorff functions of Ritt operators: improving 

PROPERTIES 

As we mentioned in the introduction, our technique allows one to charac¬ 
terize improving properties of certain A 1 (D)-functions, namely of its sub¬ 
class consisting of Hausdorff functions. In particular, the following simple 
geometric criterion holds. 

Theorem 7.1. Let h be a non-constant regular Hausdorff function, and let 
7 G (0,7r/2) be fixed. The following statements are equivalent. 

(i) One has 

(7.1) 1 - h( A) CS 7 , A € D. 

(ii) For every Banach space X and every power bounded operator T on 
X the operator h(T) is Ritt of angle 7 . 









32 


ALEXANDER GOMILKO AND YURI TOMILOV 


Proof. Let us first prove that (i) implies (ii). Let if be defined by 

(7.2) if{\) := l-h(l-\), A 6 D, 

and denote its extension to C\ (—oo, 0] given by Proposition [378] by the same 
symbol. Thus, if £ CBT and by assumption 

(7.3) if{\) € S 7 , A £ ID! =: 1 + O = {A € C : |A - 1| < 1}. 

As for Theorem 16.71 the proof will be done in two steps. Suppose first that 

(7.4) {-1,1 }£a{T). 

If <^(A) := ^rj-, then ip £ CBT , and if o p £ CBT as a composition of 
complete Bernstein functions. Moreover, since <p : C+ —> Bi, it follows from 
(17.31) that 

(ifo<p)(C+) C S 7 . 

Noting that 

<P _1 (A) = j—j, A / 2, 

and setting Q : = 1 — T, we conclude by Proposition 14.61 that 
P~\Q) = Q( 2 - Q ) _1 = C(T) £ Sect(7r/2), 
and, by Theorem ll.il b) and the composition rule (|5.3D . we obtain that 
4>{Q) = {if o p){p~ 1 {Q)) = {if o ip){C{T)) £ Sect( 7 ). 
Furthermore, by Lemma 15.61 


(7.5) 


if{Q) = l-h{T), 


where if{Q) is defined in the extended holomorphic functional calculus, and 
h(T) is given by A{_(D)-calculus. 

Observe that by (I3.21|) . /1(B) C B. Moreover, if A £ B and |/i(A)| = 1, 
then 


1 = 


cfcA A 


k =0 


< y ^ = 1, 


fc =0 


and A = h{ A) = 1, so that h(B) C BU{1}. From Theorem l5.4l it then follows 
that a{h{T)) C BU {1}, and by Theorem 16.51 we conclude that h{T) is a 
Ritt operator of angle 7. Thus the statement is proved for power bounded 
T such that m holds. 

If (17.41) does not hold, then we let sup n>0 ||T n || := M and consider the 
family of bounded linear operators T e := (1 — e)T, e £ (0,1). Clearly, a (T e ) C 
(1 — e)B for each e £ (0,1) and 


(7.6) n^-rj-'i^a-er'iKa-eru-rr'iis-iL-, n>i. 


Hence, by the first step, if Q e = 1 — T e then if(Q f ) £ Sect(7). Moreover, as 
11 Tell < ||T|| and (17.61) holds, by ()4. 151) and Theorem 16.51 again we infer that 
for each (5 £ (7,7r) there exists Mg independent of e > 0 such that 


(7.7) 


z £ H. 
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Thus, taking into account (17.51) . we infer that 

(7.8) ||(1-/i(T £ ) + z)- 1 || < 

for each /? £ (7,71). Moreover, since h € A^(D), we have 

(7.9) hm\\h(T e )-h(T)\\=0, 

£—>■0 

hence Proposition 15.41 and (15.71) yield 

(7.10) <r(h(T)) Cl-S 7 . 

Now, combining (17.81) and (17.91) . we infer that 

(7.11) (1 — h(T) + z) -1 = lim(l — h(T e ) + z) _1 

e —>0 

strongly in C(X) for every nonzero 2: £ C \ S 7r _ 7 . Therefore, 

(7.12) ||(1 —/i(T)+z)~ 1 1| < liminf ||(1—/i(T e )+2:) _1 || < -y-y, 2 £ 

e —>0 \ Z \ 

for every /3 £ (7, n). Now, (|7.101) and (I7.12p imply the claim. 

The implication (ii) =>- (i) is proved in (23, p. 1728]. It suffices to consider 
the multiplication operator (T/)(A) = A/(A),A £ D, on X = C(D) and to 
use the fact that if h(T) is Ritt of angle u, then the multiplication semigroup 
(e (1 - /l (' r )) t )t> 0 : 

( e (i - h (T))tf^ = e (i-h(\))tf( X ^ A £ 5, 

is sectorially bounded on for every uj' > uj. □ 

As an illustration of Theorem 17.11 we show how several main results from 
(23] can be obtained by our technique and answer a question posed in [23 ]. 
Moreover, we show that Theorem 17. II provides “geometrical” improvements 
of the results from [23] . 

Example 7.2. By Example l3.9l a) the function h a { A) = 1 —(1 —A) a is regular 
Hausdorff for every a £ (0,1). Moreover, 

(i-M(®)cs m/2 . 

Thus, for any power-bounded operator T on X and any a £ (0,1), the 
operator h a {T) is Ritt of angle a7r/2. Clearly, Theorem 17.11 extends [23l 
Theorem 1.1 and Theorem 4.3], where the special case of Theorem 17.11 for 
h a ,a £ (0,1), was considered. 

Example 7.3. For a > 0 define 

1 00 ^ yn 

Ll+o(A) C(1 + a) ^ 

where £ is the zeta function. The functions iq. a arise as generating func¬ 
tions for so-called zeta-probabilities [23]. They are also related to fractional 
polylogarithms, see e.g. m- As discussed in [23], they appear to be useful 
in probability theory. 
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Clearly, L\ +a G A+(B) for every a > 0. It was proved in [23, Theorem 1.2 
and Theorem 4.4] that for every a G (0,1) and any power-bounded operator 
T on X the operator L\ +a (T) is Ritt. We show that this result follows 
from Theorem 17.11 and, moreover, we are able to provide a bound for the 
corresponding angle of L a (T). To this aim, note that since for every k G N, 


1 

k 1+a 


T(1 + a) J o 


f 

Jo 




t a dt = 


(log(l /s^s^ds, 


r(i + a) J 0 


the function L\ +a is Hausdorff for each a G (0,1). Moreover, by [26] p 29, 
1.11 (8)] we have 


(7.13) £(1 + a)Li +a (A) —A4>(A, 1 + a; 1) 

=C(1 + a) + r(-a)(log(l/A)) Q + 0(|A — 1|), 

as A -> 1,A G D, where $ is the Lerch zeta function (see e.g. ni). Taking 
into account the inequality 

l^i+o (A) | <1, A G D, 

and (17.131) . we infer that 

1 — Li_|_ a (A) G Tip, AgD, 

for some (3 = (3(a) G (0,7t/ 2). Hence, by Theorem 17.11 for any power- 
bounded operator T on X and any a G (0,1) the operator L\ +a (T) is Ritt 
of angle (3(a). 

However, we can be more precise here. By combining Theorem 17.11 with 
Proposition I10.ll from Appendix B, we conclude that L\ +a (T) is of angle 
(3(a) = a7r/2. 


Example 7.4. Let for a fixed e G (0,1), 

(7.14) h e ( A) := 1 - - f (1 - A)“ da = 1 - (1 ~ ^ ~ A G B. 

e J 0 elog(l-A) 

The function h e extends holomorphically to C \ (—oo, 0], and denoting the 
extension by the same symbol we infer that 

f e (\):=l-h £ (l-X) = ^J, A > 0, 

belongs to CBT as a composition of the complete Bernstein functions (A — 
l)/logA and A e . If A G C+, then A e G £ e7r /2, hence in view of the integral 
representation in (17.141) . f e ( C + ) G S e7r / 2 - Thus, by Example 13.91 b), the 
function h e is regular Hausdorff and 

(l-/i e )(B) cE e7r/2 . 

By Theorem O we conclude that if T is a power-bounded operator on 
X, then h e (T) is Ritt of angle 67 t/ 2. This settles a conjecture posed in [ 23l 
p. 1735]. Note that Theorem 5.1 in [23] can also be treated in a similar way, 
but we leave the details to the interested reader. 
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Note that the angle e7i/2 given by Theorem 17.11 is not optimal. For in¬ 
stance, for a Hausdorff function hi, 

A 


hi(X) = 1 — /i(l — A) = 1 + 


A G 


log(l - A) ’ 
we have by Lemma 110.21 from Appendix B: 

(1 - /ri)(B) C S V3 . 

So, by Theorem 17.11 we obtain that for any power-bounded operator T on 
X the operator h\(T) is Ritt of angle tt/3. 

Remark, finally, that [23] deals with the elements of £\(Z + ) given by 
j foA a da, where A a G £\(Z + ) is the sequence of Taylor coefficients of 
(1 — z) a , rather than the generating function of j /]( A a da. However, since 
Ai(B) and £i(Z + ) are isometrically isomorphic as Banach algebras, both 
settings are, in fact, equivalent. 

8. A REMARK ON ANGLES OF RlTT OPERATORS 

In this section, by means of a simple example, we illustrate the statement 
of Theorem 16.71 on angles of Ritt operators. To this aim, we introduce the 
following notation. Let the minimal angle a(T) of a Ritt operator T on X 
be defined as 

a(T ) = inf{a : Tis Ritt of angle a}. 

We show that there exists a Ritt operator T with the minimal angle a(T) 
and a function h satisfying (16.131) such that h(T ) is a Ritt operator with 
the minimal angle a{h(T )) greater than a(T). Moreover, the difference 
a{h(T)) — a(T) can be arbitrarily close to 7r/2. Thus discrete subordination 
does not, in general, preserve angles of Ritt operators. This justifies, in 
particular, the use of the Cayley transform and Stolz types in the study of 
permanence properties for discrete subordination. 

In the notation of Theorem 16.71 let 

h{ A) := A 2 , A G D, 

and for ip € (0, n/2) and p G (0,2 cos tp) set A = 1 — pe Zip . Note that 
|Im (1 — h(A))| |2 sin p — /?sin(2<^)| 


( 8 . 1 ) 


tan(/?Re (1 — h{ A)) 


tan p (2 cos ip — p cos(2 (p)) 
|1 — 2f cos 2 tp\ 


1 — t cos(2 ip) 

where t = p/{2 cos ip) so that t G (0,1). 

On the other hand, 

( g2 ) |ImC(A)| _ 2 cos ip 


1 


tan</?ReC(A) 2 cos ip — p 1 — t 

Let X = L 2 ((0,1)). For fixed <p G (0,7r/2) and 5 G (0,1) define the 
operator on X by 

(8.3) ( T^ 5 y)(t ) := (1 - 2 tS cos ipe l<fi )y(t), 


V G L 2 ((0,1)). 
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Theorem 8.1. Let X and T^s € L(X) be defined by (18.31) . Then 

(i) T V)( 5 is a Ritt operator of the minimal angle a(T </ , i< 5 ) = ip. 

(ii) for each e G (0,1) there exist p G (0, 7 r/ 2 ) and 6 G (0,1) such that 
T 2 s is a Ritt operator of the minimal angle a(T' 2 5 ) := satisfying 


(8.4) 


tan > 


tan p 
e 


Hence, — tan p can be arbitrarily close to 7 r/ 2 . 

(iii) If 7^5 is the minimal sectoriality angle of then 7 can be 

arbitrarily close to /3 Vi g. 


Remark 8.2. Recall that T 2 s is Ritt of angle 7^7 by Theorem 16.71 


Proof. A direct calculation shows that $ is a Ritt operator of the minimal 
angle p, and thus proves (i). Hence, by (18.21) . 


(8.5) 


tan 7^7 


tan p 
1 - 6 ' 


So, 7<^,<5 > if. 

Let 


v v (t) := 


|1 — 2 tcos 2 p\ 
1 — t cos(2p) 


where t = p/{2 cos p). Observe that by (18.11) . 


tan /3 v> s = tan p sup v v {6t) > v v (6) tan <p. 
te( 0,1) 


Hence from (18.51) it follows that 


tan > _ (1 - ( 5 )(< 5 cos( 2 y 7 ) + 6 - 1) 

tan 7^7 — v 1 — 5 cos(2(p) 

Let e G (0,1) be fixed and let p = arccos 5 e t 2 /2. Then 


lim sup 
<5->l 


tan 

tan 7^,7 


> lim sup 
<5—>■! 


(1 -6){5 1+e / 2 + 6- 1 ) 

1 — 6 l+e / 2 


= 1/(1 + e / 2 ) 

> 1 - e. 


This shows (iii). Now if 6 G (0,1) is such that 
tan ^7 


tan 7 5 


> 1 — e and 1 — <5 < (1 — e)e, 


then 


1 — e tan p 

tan (jpg > (1 - e) tan 7^7 = ---tan^ >-, 

l—o e 


and (ii) follows. 


□ 
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9. Appendix A 


In this appendix we collect several technical estimates used in previous 
sections. The lemma below is crucial in the characterization of Ritt operators 
in terms of Stolz domains given in Proposition 14.21 


Lemma 9.1. Let z £ D and let 


Qz(v) ■= 


— p l v\ 


1 - e^\ 


T £ [ 0 , 2ir). 


Then 

(9.1) 


1 - \z\ 2 

m z := min Q z (<p) = —- 4 . 

<pe[o,2n) 2|1 - z\ 


Proof. Let z = re ia , where r £ [0,1) and a £ [0, 27t). Then, setting if := 
ip/2 £ (0,7r), we obtain 

r 2 + 1 — 2 r cos a + 4r cos a sin 2 if — 4r sin a sin if cos if 


=- 


sin 2 if 


= |1 — z\ 2 (l + cot 2 if) + 4rcosa — 4r sin a cot if 


= ( |1 — z\ cot if — 


+ |1 — zr + 4r cos a. 


2 r sin a \ 2 4r 2 sin 2 a 

|1 - z\ ) ~ \\-z\ 

Hence a simple calculation shows that 

o 4? , 2 sin 2 a . l9 

Ami =-:-jTj—h 1 — z + 4r cos a 

z |l-z| 2 

(i-N 2 ) 2 

11 — z | 2 ’ 

and (19.11) follows. □ 

The next simple lemma is instrumental in the proof of Theorem 16.31 
Lemma 9.2. For all 7 £ [0, 7 r), j3 £ [0, 7 r) such that 7 + f3 < tt, 

(9.2) \z + A| > cos ((7 + /3)/2) (|z| + |A|), z £ A £ Hg. 

Proof. Note first that if /3 £ (— 7 r, 7 r) and s > 0 then 

(9.3) |1 + se l P | 2 = 1 + s 2 + 2scos fd > cos 2 (/3/2)(l + s) 2 . 

Let now 7 > 0, f3 > 0, 7 + fd < n, and 

z = re 110 £ S 7 , A = pe lPo € £ 3 , I 70 I < 7 , \Po\</3- 

Then, using (19.31) . we obtain 

\z + A| = r|l + r~ l pe l ^ 0 ~ l0 \ > cos ((/? 0 - 7o)/2) (\z\ + |A|). 

From this, since 

I A) ~ 7 o| < /3 + 7 € [0,7r), and cos((/3 0 - 7 o)/ 2 ) > cos((/3 + 7 )/ 2 ), 
it follows that 

(9.4) \z + A| > cos((/3 + 7)/2) (|z| + |A|), z £ A £ 
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□ 


Now we turn to the proof of Lemma 13.61 which was essential in our argu¬ 
ments leading to Theorems 16.41 and 16.71 The proof of this lemma is based 
on several auxiliary estimates. 

Lemma 9.3. For all R > 0 and j3 £ (—7t/2, 7t/2) there exists 
b = b((3, R) € (0, min{l, 1/ (2R)}), 


such that 

(9.5) 

and 

(9.6) 


1 — re 1 ^ 


1 + re l h 

1 


< 


< 


1 — br 
1 + br' 

1 


r € (0 ,R), 


r € (0 ,R). 


|1 + re l d | 2 (1 + br) 2 ’ 

Moreover, for each fixed R > 0, b = b(-,R) can be arranged to be decreasing 
function on (0, vr/2). 

Proof. The estimate (19.5jl is equivalent to 

(1 + r 2 — 2r cos/3)(1 + br) 2 < (1 + r 2 + 2r cos/3)(1 — br) 2 . 
Rearranging terms yields 

(1 + r 2 )[(l + br) 2 — (1 — br) 2 } < 2 r cos /3[(1 + br) 2 + (1 — br) 2 ], 


or 

a(l + r 2 ) < cos/3(l + b 2 r 2 ), r £ (0, R). 

The last inequality holds if 

(9.7) b = b(fi,R) = cos (3/(1+ R 2 ) £ (0, min{l, 1/(2R)}). 

Moreover, if b is defined by (19.711 . then 

(1 + br) 2 < (1 + r cos /3) 2 < 1 + r 2 + 2r cos fi = |1 + re 1 | 2 , r > 0, 
and ()9.6I) follows. 

Given the definition (I9.7p . the last claim is straightforward. □ 


Define for each n £ N 

(9.8) MA):=(j^) n , q n (X):=l-h n (X), X + -1. 

Note that |/i n (A)| < 1, |g n (A)| < 2, A £ C+, and that q n maps C + into 
C+. Moreover, for every n £ N, 


h'n( A) 
<(A) 


—2 n 


hn— 1(A) 

(H? 


4c.ti 

(1 + A) 4 _ + A)/i n -i(A)], 


where we set ho(X) = 1 and h-i(X) = 0. In particular, the functions h n and 
—h' n are positive and decreasing on (0,1) for each n £ N. 
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Lemma 9.4. For all j3 E (0, 7 t/2 ) and R > 0 there exists b = b(/3 1 R) E 
(0, min{l, 1 /(2/2)}) such that for every n E N, 

|Im/i n (re l/3 )| < ~^rti n (br), r E (0,1?). 


Proof. Let (3 E (0, 7 r/ 2 ) and R > 0 be fixed. For every r E (0, R), 


T i. / i/h h n (re l P) - h n (re 1/3 ) 

Im h n (re =-—- 

li 


1 

2i 

= —nr 


^ dh r , 


(re 


,17'i 


—ft 




■ dy 


/ 


^ h n -i(re * 7 ) 
(1 + re *')') 2 


3*7 


dy. 


Let & 7 = 6 ( 7 , i?) and 7 E (0,/3] be given by Lemma [TJTTT1 (see (19.71) 1. Then, 
using Lemma 19.31 and the monotonicity of —h' n on (0,1), we obtain for each 
r E (0,i?) : 


|Im h n (re l P)\ < 

< 


< 


< 


V«r sup 

76(0, ft) |l + ren|2 


2/3nr sup 


h n i(fr 7 r) 


2/3nr 


76(0^) (1 + M 2 
hn-\{bpr) 


(1 + bpr) 2 
- Prh' n {bpr) 


7 r 


~2 rh n(b r )- 


□ 


Now Lemma 13.61 follows directly from Lemma 19.41 Indeed, if 


Cn > 0 , n > 0 , = lj 

n=0 


and 

OO OO 

h(A) := 1 - c n h n (\) = ^2 c n q n (X), A E C+, 

n =0 n=0 

then, by Lemma IfTT! for all /3 E ( 0 , 7 r/ 2 ) and i? > 0, there exists 
b = cos/3/(l + R 2 ) E (0, min{l, 1/(21?)}) 


such that 

|Imh(re0| < —rh'(br), r € (0,i?). 

In other words, h E 702 ( 0 ,1) with m = 7 t /2 and fe as above. 
Finally, if A E C+, then 


Reh(A) > 1 - E Cfc 

k =0 


1-A 
1 + A 


k 

> 0 , 


and, since h((0, 00 )) C [0, 00 ), we conclude that h E J\fV+. 











40 


ALEXANDER GOMILKO AND YURI TOMILOV 


10. Appendix B 


In this appendix, we prove several estimates which allowed us to obtain 
additional, geometric information on Hausdorff functions of Ritt operators 
in Section [71 We start with the proposition needed in Example 17.31 

Proposition 10.1. For every a £ (0,1), 

(10.1) 7i +q (1) — Li_|_ a (A) £ E Q7r / 2 > Re A < 1. 

Proof. Recall that by [26) P-27, 1.11(3)], for every a £ (0,1), 


7l+a(A) — 


A f 1 log"(l/s) ds 


T(1 + a) J 0 

and by Proposition 13.81 we have 

( 10 - 2 ) 

'ip(X) := l-L 1+a (l-X) = 


1 — sX 


X £ C + \ (1, oo). 


P (1 


i r 

+ a ) Jo 


Alog“(l + t ) dt 
(A + t)t 


X £ C\(—oo,0]. 


If now A = |A|e* 5 , 5 £ (—7r,7r), then setting t = At and using Cauchy’s 
theorem, we infer from (110.21) that 

np r 

(10.3) 


m = [ 

Jo 


log Q (l + A r)dr 


log Q (l + At) dr 


(1 + t)t 


(1 + t)t J o 

If, moreover, A £ C+, then for any r > 0 we have 

l°g“(l + Ar) £ E a7r/2 , a £ (0,1). 

Thus taking into account (110.31) we get C E Q7r / 2 ) an< l H 1US (H5HD . □ 

Now we prove an auxiliary result which is crucial in Example 17.41 
Lemma 10.2. If 


H A) = ^4, A £ C +> 

log A 


then 


h(B i) C E^/3, Di = {A £ C : |A - 1| < 1}. 
Proof. Recall that h £ CBF, hence 

(10.4) Im/i(A)>0, h(X) = h(X), ImA>0, 

Let us first prove the following claim: 

(10.5) /i(A) £ S^^/4, A £ M_|_, D + := C_|_ HID. 

For every s > 0 we have 

is — 1 (7ts/2 — log s) + i(s log s + 7t/2) 


h(is) = , 

log s + Z7t/2 

If s £ (0,1), then 

Im h{is) slogs + 7r/2 
Re h(is ) irs/2 — log s 


(log s) 2 + 7T 2 /4 
< 1 and li(is ) £ S^/ 4 . 
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Moreover, for s £ (0,1), 

d ,, , , l9 s 7 t 2 /4 — s -1 log s 

— \ h ( is )\ 2 = 2 7 -,7779 > 0. 

ds ((log s) 2 + 7 r 2 / 4) 2 

So, \h(i-)\ is a strictly increasing function on (0,1), |/i(0)| = 0, and \h(i)\ = 
Next, for every j3 £ (0, 7t/2), 

^ = ^ = ^<1 - 

Moreover, if j3 £ (0, 7 r/ 2 ), then 

d \uf iff m _ /3cos(/ 3/2) - 2sin(/3/2) ^ n 
j| “ ^ 2 <U ' 

Hence, |/i(e*')| is a strictly decreasing function on (0,7 t/2), |/i( 0)| = 1, and 

W*)I = 2 #<1- 

Now from (jlO.dp it follows that /i maps <9B + into 4 injectively, and 
the claim is proved. 

Finally, since £ CBJ-, we have 

(10.6) \ {0}) C Stt/ 3 , 

by (|3.4p . Taking into account Bi C E^ 3 UB + , and, using (110.51) and (I10.6p . 
we obtain 

/i(Bi) C S ^/3 U = S ff/3 . 

□ 
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